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Abstract 



The Bercovici-Pata bijection maps the set of classical infinitely divisible distribu- 
tions to the set of free infinitely divisible distributions. The purpose of this work is to 
study random matrix models for free infinitely divisible distributions under this bijec- 
tion. First, we find a specific form of the polar decomposition for the Levy measures 
of the random matrix models considered in Benaych-Georges [6] who introduced the 
models through their measures. Second, random matrix models for free infinitely divis- 
ible distributions are built consisting of infinitely divisible matrix stochastic integrals 
whenever their corresponding classical infinitely divisible distributions admit stochas- 
tic integral representations. These random matrix models are realizations of random 
matrices given by stochastic integrals with respect to matrix-valued Levy processes. 
Examples of these random matrix models for several classes of free infinitely divisible 
distributions are given. In particular, it is shown that any free selfdecomposable in- 
finitely divisible distribution has a random matrix model of Ornstein-Uhlenbeck type 
Jq 00 e~ t d^f, d > 1, where tyf is a d x d matrix- valued Levy process satisfying an I\ og 
condition. 



1 Introduction 



An ensemble of random matrices is a sequence (M^) d>1 where M^ is a d x d matrix whose 
entries are random variables. The empirical spectral distribution of Md is the uniform 
distribution of its spectrum Ai, A2, •••, Ad, that is the (random) probability measure \iM d 
denned as jjM d = tjX^i'W A random matrix model for a probability measure /x is an 
ensemble (M^) d>1 for which the empirical spectral distribution fiM d converges weakly to jjl. 
Bercovici and Pata [7] introduced a bijection A from the set of classical infinitely divisi- 
ble distributions to the set of free infinitely divisible distributions to study relations between 
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classical and free infinitely divisible aspects. Under this bijection Benaych-Georges [6] and 
Cavanal-Duvillard [8] construct for any classical one- dimensional infinitely divisible distri- 
bution fi a random matrix model for the corresponding free infinitely divisible distribution 
A (//). This include the Wigner and Marchenko-Pastur results, which provide random matrix 
models of Gaussian Unitary Ensembles and Wishart random matrices for the semicircle and 
Marchenko-Pastur distributions, respectively. 

Specifically, it is shown in [6] that for any infinitely divisible distribution juonl there is 
a random matrix model of Hermitian matrices (Md)d>i for A(/i). Moreover, for each d > 1 
the Fourier transform of Md is given by 

E[exp(itx(M d A))] = exp [dE u C^ ((u, Au))} A Hermitian, (1) 

where C M is the cumulant transform of ft, u is a uniformly distributed column random vector 
in the unit sphere of C d and (■, ■) is the usual Hermitian product of C d . 

Any M- valued Levy process < X\ : t > > with law fi at time t = 1 has associated an 

M-valued independently scattered random measure. The stochastic integral of a real-valued 
function h on [0, oo) with respect to X\ written as 

h{t)dX?\ (2) 

o 

is an R- valued infinitely divisible random variable defined in the sense of integrals of non 
random functions with respect to scattered random measures, see Urbanik and Woyczynski 
[2Tj and Rajput and Rosihski [15]; and Sato [19] for the M. d case. Several important classes 
of infinitely divisible distributions having this stochastic integral representation in law have 
been studied recently, see jl], [2], PQ, [3] and [9]. 

Let Iiog(K) be the class infinitely divisible distributions /ionl whose Levy measures v^ 
satisfy the condition f , >2 log|x| u^dx) < oo. It is shown in Jurek and Vervaat [H], Sato 
and Yamazato [20J and Sato [18], that the class of selfdecomposable distributions on M is 
characterized by the stochastic integrals of the form ()2]) where h(t) = e~ l and ft G /i og (IR) in 
the following sense. For any \i G Ii og (K) there exists a selfdecomposable distribution Ji such 
that 

Z = £(J o °° e-'dX^ (3) 

and vice versa, to any selfdecomposable distribution Jl corresponds a distribution /i in Ji og (]R) 
such that ([3]) holds. This characterization of selfdecomposable distributions as stochastic 
integrals is related to Ornstein-Uhlenbeck type processes through the Langevin equation. 
The Langevin equation dY t = dX\ — Y t dt has stationary solution {Y t : t > 0} if and only 

if /i G /i g(lR). This stationary solution {Y t } is unique and C (Y t ) = £ ( J °° e~ t dX^ j for all 

t > 0. The process {Y t } is called the stationary Ornstein-Uhlenbeck type process, see Sato 
[TB"] and Rocha-Arteaga and Sato [16J. 

In this work we are concerned with random matrix models for free infinitely divisible 
distributions corresponding to the image A of classical infinitely divisible distributions. We 



show that for every classical one- dimensional infinitely divisible distribution representable as 
the stochastic integral ([2]) there exists a random matrix model for the corresponding free in- 
finitely divisible distribution, consisting of a realization as matrix stochastic integral similar 
to (J2J) with respect to an appropriate matrix- valued Levy process. In particular, the free self- 
decomposable distribution A (JT) corresponding to the classical self decomposable distribution 
Ji with stochastic integral representation ([3]) where /i G 7i og (R), has a realization as random 

matrix model of Ornstein-Uhlenbeck type ( J °° e~ t d^!^' ) where \E^' is a d x d matrix- 
valued Levy process satisfying an Ji og -condition. Recently, Perez-Abreu and Sakuma [H] 
studied random matrix models for free infinitely divisible distributions as matrix stochastic 
integrals of Wiener-Gamma type. They considered free infinitely divisible distributions cor- 
responding to the image A of classical generalized Gamma convolutions distributions with 
the so called Wiener-Gamma representation, a type of stochastic integral representation (J2J) 
with respect to the Gamma process. 

This paper is organized as follows. In Section 2 we find the polar decomposition for the 
Levy measures of the Hermitian matrices of the random matrix models flTJ). In Section 3 
we construct random matrix models for free infinitely divisible distributions as realizations 
of classical matrix stochastic integrals with respect to matrix-valued Levy processes. We 
prove that these matrix stochastic integrals have the Fourier transform (CQ). In Section 4 we 
provide examples of random matrix models of matrix stochastic integrals for several classes 
of free infinitely divisible distributions. In particular, the class of free selfdecomposable 
distributions corresponding to the image A of the class of selfdecomposable distributions in 
03]), has random matrix models of Ornstein-Uhlenbeck type matrix integrals. 

2 Polar decomposition of Levy measures of certain ran- 
dom matrix models 

Let M^ = M^xrf (C) denote the linear space of d x d Hermitian matrices with scalar product 
(A,B) = tr(AB*) and norm \\A\\ = [tr (AA*)] 1/2 where tr denotes trace. Let S Md = {V e 
Md : rank (V) = 1, ||V|| = 1} the set of Hermitian matrices of rank 1 on the unit sphere of 
M d and let S^ = {V > : rank (V) = 1, ||V|| = 1} the set of positive definite matrices of 
rank 1 on the unit sphere of M^. 

We recall the polar decomposition of Levy measures on R, see [17] and [I]. The Levy 
measure v of an infinitely divisible distribution ^onf with < v (R) < oo, can be expressed 
as 

P POD 

u(B)= A(#) / l B (r^(dr), (4) 

Js Jo 

where A is a measure on the unit sphere S = { — 1,1} of R such that < A (S) < oo and z/g 
is a measure on (0, oo) for each £ 6 S such that < v% ((0, oo)) < oo. Here A and v% are 
called the spherical and radial components of v, respectively. 

Let ju and C^ denote the Fourier transform and the cumulant transform of an infinitely 



divisible distribution // on R, respectively. That is, C M is the unique continuous function 
from R into C such that C^ (0) = and ju(z) = exp (C M (2)) for every z6l. 

In (6j Theorem 6.1] it is established that for any infinitely divisible distribution /ionl 
there exists a random matrix model of Hermitian matrices (Md)d>i for A(/i). Moreover, in 
P, Theorem 3.1] the Fourier transform of Md, for each d > 1, is given by 

E[exp(itr(M d A))] = exp [dE u C^ ((u, Au))} A Hermitian (5) 

where C M is the cumulant transform of ft, u is a uniformly distributed column random vector 
in the unit sphere of C d and (■,■) is the usual Hermitian product of C^. In the sequel 
we denote by Ud the probability measure on the set of matrices of rank 1 induced by the 
transformation 

u ^V = uu*. (6) 

In the following result we find the specific form of the polar decomposition for the Levy 
measures of the random matrix models considered in [6]. 

Theorem 1 Let fi be an infinitely divisible distribution on R with Levy measure v and let 
(Md)d>i 0, random matrix model for A (fi) where Md has the Fourier transform (TJJ). Then 
the Levy measure vu d of Md is expressed as 

u Md (B) = d I / l B (rV)u v (dr)U(dV) B G B (M d \ {0}) , 

J§M d JO 

where vy = u + or v~ according to V > or V < and U {dV) is a measure on §M d such 
that 

j l D (V)U(dV)= j J l D (ZV)\(d£)u d (dV) DeB^ 

s Md s+ d {-1,1} 

where A is the spherical measure of v and u>d is the probability measure on §^ given by (EJ). 

Proof. Let A(<i£) and v% be the spherical and radial components of v given by (jl]), respec- 
tively. For every z G R, C M [z] = i^z + J R [e lzx — 1 — ixzl\ x \<\ (x)] v idx) where 7 G R and 
where we have omitted the Gaussian term without loss of generality. From ([5]) we have for 
every Hermitian matrix A, 

logE[exp{itY(M d A))} 

= dE u { i 7 (u, Au) + f [ e i{u ' Au)x -1-ix (u, Au) l N <i (ar)] v (dx) 



i^rAd + d 



JR 



= i 7 r A d + d / [e^ Av ^ - 1 - irtiti (AV) l K |<x (r£)] v t (dr) A (d£) w d (d^) 

7§+ d 7{_i,i} Jo 

= ijr A d + d I f e itr ( A ^) r - 1 - irtr (av) l r <i (r) ^ (dr) IT (dv) , 
•/s Md Jo ^ ' \ J 

where r A = E u (u,Au) and II (dV) is a measure on S Md such that for any Borel set D of 
/ Id (V") n (dV) = J J 1 D (£V) A (#) Wd (^) , 

{V: rank(v)=l,||v||=l} {V>0: rank(V)=l,||V||=l} {-1,1} 

here the equivalence of the regions of integration follows from the spectral representation 
theorem, since any V with rank (V) = 1 and ||V|| = 1 can be written as V — Xvv* where 
A is eigenvalue of V with corresponding eigenvector v, hence x*Vx = A \x*v\ and therefore 
V > or V < according to the sign of A. ■ 

3 Random matrix models of stochastic integral type 

Any real- valued Levy process < X^ : t > > with law \x at time t = 1, uniquely induces 
a real- valued independently scattered random measure {M^ (B) : B G B ([0,oo))} such 
that M^ ([0, t]) = X\ almost surely, where £>o([0,oo)) is the family of bounded Borel 
sets in [0, oo). We will consider M^-integrable (or X t -integrable ) real- valued functions h 

on [0,oo) in the sense of [15] and [19]. Then f B h(t)M^(dt) (or f B h(t)dX^)\ is defined 
almost surely for every B G B ([0, oo)). The stochastic integral of a real-valued h on [0, oo) 
with respect to X\ is a real-valued infinitely divisible random variable written as 

rj = / h(t)dX^\ (7) 

Jo 

which is defined as the limit in probability of Jj , h(t)dX\ as s — > oo whenever the limit 
exists. Furthermore, its cumulant transform is given by 



C v (z) 



PCX) 

/ C M (h(t)z) dt z G R. 
Jo 



For the complex matrix case we have a similar result; see [5] for the case of real matrices. 
For any infinitely divisible matrix \1/ in M^ with associated matrix Levy process {\E^f : t > j, 
the infinitely divisible d x d matrix valued stochastic integral 

M = / h{t)d9*, (9) 

Jo 



whenever exists, has cumulant transform 

/■oo 

C M (A) = C* (h(t)A) dt Ae M d . (10) 

Jo 

In this work we consider matrix Levy processes {^ } corresponding to Levy measures of the 
form 

4 (B) = d f co d (dV) [ 1 B (xV) Vft (dx) , (11) 

where Ud is the probability measure induced by the transformation u — > V = uu* in ([6]) and 
Ufj, is a Levy measure of an infinitely divisible distribution \x on R. Observe that v% is Levy 
measure supported in the subset of rank one matrices in M^. 

The following is the main result of this work, it provides random matrix models for free 
infinitely divisible distributions on R given by matrix stochastic integrals of the form ([9]) 
when the corresponding classical infinitely divisible distributions under A are representable 
as the random integrals of the form ([7|). 

Theorem 2 Let jjl^ be an infinitely divisible distribution on R given by the stochastic integral 
representation 

fx h = c(r ' h(t)dX { A, (12) 

where X\ is a Levy process on R with law /i at time t = 1 and Levy measure v^. The free 
infinitely divisible distribution A (/^) has a random matrix model given by the ensemble of 
infinitely divisible matrix stochastic integrals 

m£ = r h(t)d^{\ , (is) 

^0 / d>l 

where \l/f is the M.d-valued Levy process with Levy measure v% given by [TI\) in terms of Ud 
and u^. 

Proof. We will proof that the random matrices of the ensemble (M^) in ffT3|) and the 
random matrices of the random matrix model (Md)d>i for A (/i/J given in [HI Theorem 6.1] 
have the same laws. Recall from (|5]) that the Fourier transform of Md is given by 

E[exp(itr(M d A))] = exp [d¥. u C^ h ({u, Au))] A Hermitian. 

We will prove that this Fourier transform of Md coincides with the Fourier transform of Mfi- 



For that, we first calculate the cumulant transform of \l/f at time 1 using (TTTT) . 

C* f (A) = [ [e^ A ^ - 1 _ ttv(AX)l mi<1 (X)] < (dX) 
Ju d 

= d [ [ [ e ^ AV > - 1 - Mrtr(AF)l w <i (x)] u; d (dV) u„ (dx) 

Js+ d Jr 

= d I E v [ e itr(Ay)x - 1 - ixtr(AV)l\ x{ <! (x)] i/„ (dx) 

Jr 

= dE u I [ e lt < Auu ^ x - 1 - iztr(iW)l| x| <i (z)] u„ (dx) 

Jr 

= dE u C fl ((u,Au)). (14) 

Now we calculate the cumulant transform of M% from (fTUj) and f|T4|) , 

/•DO /»00 

C M d (A) = / C^a (h (t) A)dt= / dE u C^ ((u, h (t) Au)) dt 



Jo 

oo 



= dE u / C M (/i (£) (u, Au)) dt = dE u C„ h {(u, Au)) , 
Jo 

where in the last equality we have used the relation (jSJ) between the cumulant transforms of 
Hh and fi corresponding to the stochastic integral representation (fT2j) . ■ 

Remark 3 Let v il ^v ilih ^v M d and u^,d denote the Levy measures of /i, {ih,M d and tyf at time 
1 in Theorem^ respectively. From [7P|/ the Levy measures of fi and fih are related as follows 

VlXh (B) = dt l B (h(t)x)v^ (dx) BeB(R\ {0}) 
Jo Jr 

and from ^ it is obtained a similar relation between the Levy measures of M^ and ^ d , 

poo r 

u Md (B) = dt l B (h(t)X)^ d (dX) BeB (M d \ {0}) . 
h Jo Jm d 

These two relations combined with (Tl\) yield the Levy measure of M% in terms of the Levy 
measure of f^h 



v Mi (B)=d u d (dV) / v„ (dx) / l B (h(t)xV)dt 

Js+ d Jr Jo 

= d[ u d (dV) [ v, h (dx)l B (xV), BeB(M d \{0}). (15) 



4 Examples 

In the following I(R) denotes the class of infinitely divisible distributions on R and L(R) 
denotes the class of selfdecomposable distributions on R. 

Let (A, z/^) denote the polar decomposition of the Levy measure v of any ji G /(R) given 
by g]), that is 



/* /*oo 

u(B)= \(d0 / l B (r£)i/ c (dr) 



where A and z/^ are the spherical and radial components of z/, respectively and S = {— 1, 1}. 
Moreover, let (A, k^) denote the following description of the above descomposition for self- 
decomposable distributions, see [IS]. If /i G L(R) the radial component of its Levy measure 
v is expressed as 

u^dr) = l( ,oc)(r)— — dr, 

where k%(r) is a nonnegative measurable function in £ G S and decreasing, right continuous 
in r G (0, oo). Here fcg is called the fc-function of v. 

Throughout this section we provide examples of random matrix models for free infinitely 
divisible distributions A(fih) given by the ensembles of matrix stochastic integrals (fT3|) . 
for several classes infinitely divisible distributions fih with stochastic integral representation 
( I12p . In most of examples we express the Levy measure v M d in terms of v ilh . We emphasize, 
according to (fT5l) . that these Levy measures v M a. are supported in the subset of rank one 
matrices in M^. 

In all examples below z/ M , v^, v M d and z/^d denote the Levy measures of fi,fih,Mfi and 
tyf at time 1 in Theorem [2], respectively. 

The following two examples recover the random matrix models of Theorems 4.1 and 4.3 
in [H] and find their corresponding Levy measures. 

Example 1. The class of Generalized Gamma Convolutions T(R + ) is the smallest class 
of infinitely divisible distributions on R + that contains all Gamma distributions and that is 
closed under convolution and weak convergence. 

In [U], any distribution in T(R + ) has stochastic integral representation (fT2l where /x is 
a Gamma distribution and h(t) is a Borel measurable function h : M + — >■ R + such that 
j log(l + h(t)) dt < oo. Such a representation is called the Wiener-Gamma integral rep- 
resentation. 

Let fih ^ ^(R+) has the Wiener-Gamma integral representation. By (8) in [14] the Levy 
measure of fih is expressed as 

poo e -x/h(t) 

v^ h (dx) = l(o,oo)(^) / dtdx. 

Jo x 

The corresponding random matrix models (!T3|) for the free Generalized Gamma Convolutions 
A(/i/j) consist of matrix stochastic integrals of Wiener-Gamma type 



/■oo 

M^= h(t)dm 
Jo 



t 

' d>l 



with Levy measures 

v M d{B) = d I Ud(dV) I dxls(xV) I dt. 



oo e -x/h(t) 



X 



Example 2. The class of Thorin distributions T(R) is the smallest class of infinitely 
divisible distributions on R which contains all distributions in T(R + ) and is closed under 
convolution, weak convergence and reflection. 

It is shown in [3] that this class is characterized by the stochastic integral representation 
( TT2"j) where fi £ ID\ og (M.) and h(t) is the inverse function of the incomplete Gamma function 
g(t) = f t °° e~ s s~ 1 ds. 

Let fih £ T(JRL) with such a representation. The random matrix models (fl3|) for the 
corresponding free Thorin distributions A (///J are given by 



M%= g*{t)d^>t 1 g* inverse function of g. 

Jo J d>l 

Let (A, Vf) and (A^, jv) be the polar decompositions of the Levy measures of fj, and 
(Ah, respectively It is proved in pQ that the corresponding fc-function of fih is khJr) = 
J °° e~ r ' s u^(ds). Therefore the Levy measures of these matrix stochastic integrals are given 
by 

v M AB) = d f u d (dV) [ \ h (d£) H — fr e~ r / s ^(ds)) l B {r£V). 
Js+ d Js Jo r \Jo J 

Example 3. The class of Bondesson distributions B(M.) is the smallest class of infinitely 
divisible distributions on R that contains all mixtures of exponential distributions and that 
is closed under convolution, weak convergence and reflection. 

This class is characterized by the stochastic integral representation (Tl2|) where [i £ I(R) 
and h{t) = l(o i)(£) log (1/t), see [3]. If \ih £ -B(R) has such a representation then by (2.17) 
in ® 

/■oo 

v^ h (dx) = / e~V M (s _1 <ir) ds. 
Jo 

Therefore the random matrix models ffTS]) for the free Bondesson distributions A(/i^) are 
given by 

M d h = f log(l/t)dtt t d 

*. Jo 

with Levy measures 

p [*CG /*0O 

u M d(B) — d u>d(dV) / e~ s v^ (s~ l dx) dsl B (xV). 

Js+ d J-^Jo 

Example 4. The class of Thorin distributions T(R) is also characterized (see Example 2) 
by the stochastic integral representation (IT2"]) where fi E L (R) and /i(t) = l( ,i)(t) log (1/t), 



d>i 



see [I]. 

If /j,h £ T(R) has this alternative representation, the corresponding random matrix models 

(fl3l) for the free Thorin distributions A(/^) are 

'M d h = f log (1/t) d*A . 

Let (A, kg) and (A/j,, fc/j,J be the corresponding polar decompositions of the Levy measures 
of /i and /i/i, respectively. It is shown in [3j that A = A^ and 



oo 



fc he (r) = / A; ? (rs *)e s ds 
Jo 

and hence the Levy measures for these random matrix models are of the form 

p /*oo 

v M d{B) =d LOd(dV) / l B (xV)^ h (dx) 

Js+ d J-oo 

= d [ co d (dV) [ A(dO / — (/ fc^rs-vW) l B (r£V). 

^S+ d is io r \Jo J 

Example 5. The class of self decomposable distributions L (R) is characterized by the 
stochastic integral representation (TT2|) where // G Iiog(R) and /i(£) = l( 0)O o)(^)e _t , see [UJ, 
[20] and [18]. 

Let Hh £ L (M) with such a Ornstein-Uhlenbeck type integral representation. The random 
matrix models (fl3l) for the corresponding free selfdecomposable distributions A(/z/j) are given 
by 

(m%= [ e-'d^f] 
V Jo J d>\ 

and satisfy an 7i og -condition, that is 

/ \og\\X\\vl{dX) <oo, 

which follows easily from ( TlTl) and the fact that /i G Ji og (M). These Ornstein-Uhlenbeck type 
matrix integrals are supported on the subset of rank one matrices in MLj. 
Let (A, V{) and (A^, k h$ ) be the corresponding polar decompositions of the Levy measures of 
/j, and Hh- It is proved in pQ that the fc-function of u^ h is given by 

k h {r) = ^((r,oo)). 

Therefore, the Levy measures of these random matrix models of Ornstein-Uhlenbeck type 
for free selfdecomposable distributions A(/i/ l ) are given by 

p /*oo 

u M d(B) = d uj d (dV) I l B (xV)u tlh (dx) 

J§+ d J -co 

= d f u d (dV) [ X h (dO f" —Vi ((r, oo)) l B (r£V). 
Js+. Js Jo r 



10 



Example 6. The class of type G distributions G sym (M.) is the class of symmetric distri- 
butions on R which are variance mixtures of the standard Gaussian distribution with positive 
infinitely divisible mixing distributions. 

In [2] is proved that this class is characterized by the stochastic integral representation 
(TT2l) where \i G /(R) and h(t) is the inverse function of f(t) = J t °° ip{u)du where (p(u) = 

1 -si 

^ e 2 - 



Let fih G G sym (M) with such a representation. In this case the random matrix models 
( TT3l) for the corresponding free type G distributions A (///J are of the form 

( M% = f f*(t)dv{) f* inverse function of /. 

V Jo J d>\ 

Let (Xh, Vht) De the polar decomposition of the Levy measure of the type G distribution iih- 
It is known that the radial component z/^ can be written as 

v hi (dr) = g h( _(r 2 )dr 

where <?/i € (V) is measurable in £ G S and completely monotone in r G (0, 00). It is proved in 
[1] that 

poo 

g h (r)= / V (r 1 /ys)s- l ^(ds), 
Jo 

where z/g is the radial component of v^. Therefore the Levy measures for these random 
matrix models for free type G distributions A(/i/J are given by 

iy M a(B)=dj_ + u d {dV) j \ h {d£) J dr(J y{r/s)s-\{ds)\l B {rtiV). 

Example 7. The class of M distributions M(R) is a subclass of selfdecomposable distri- 
butions of G sym (M). It is the class of symmetric infinitely divisible distributions on R whose 
Levy measures have polar decomposition (A, Vg) such that 

Vi (dr) = ^^dr } (16) 

where ghA r ) is measurable in £ G S and completely monotone in r G (0, 00). 

In [5] is shown that the class M(R) is characterized by the stochastic integral represen- 
tation ffl2|) where jx G ii og (R) and h(t) is the inverse function of m(t) = f°° ^^-du. 

Let Lih G M(R) with such a representation. The random matrix models ffl3|) for the 
corresponding free M distributions A(/%) are 

M h = / m*{t)d^> t J ?7i* inverse function of m. 

11 



Let (A/j,,f/j,) be the polar decomposition of the Levy measure of ph and let g^ be the 
corresponding g- function in (TT6|) of the radial component v^ . It is proved in pQ that 

/•oo 

Jo 

where z/g is the radial component of v^. Therefore the Levy measures for these random 
matrix models for the free M distributions A(/i/ l ) can written as 

v Mt (B) = d[ + oj d (dV) J ' \ h (d£) J dr(J V {r/s)u^ds)\l B {riV). 

Example 8. The class of Jurek distributions U(M.) is the class of infinitely divisible 
distributions on R whose Levy measures have polar decomposition (A, z/^) such that 

n (dr) = k{r)dr, (17) 

where l^ is measurable in £ e S and decreasing in r e (0, oo). 

It is shown in [10] that this class is characterized by the stochastic integral representation 
(TT21) where // G I(R) and /i(t) = l[o,i](t)t. 

Let fit £ C/(R) with such a representation. The corresponding random matrix models 
(TT3|) for the free Jurek distributions A(/x^) are of the form 



i 

d 



M a h = / *fl&« 

Let (A, i/f) and (A^, ^ ) be the polar decompositions of the Levy measures of /i and 
//ft, respectively. It is proved in pQ that the corresponding /-function in ( TTT1) for the radial 
component v hi is expressed as //i e ( r ) = J r °° x _1 z^(Gfe). Therefore the Levy measures of these 
random matrix models are expressed as 

v Mt {B) = d!u d {dV) J \ h {d£) J dr(J x-\{dxyjl B {r^V). 

Example 9. The class of A distributions A(M) introduced in [12] is bigger than the 
Jurek class C/(R). It is the class of infinitely divisible distributions on R with Levy measures 
v of the form 

v{B)= I p{dx) I a x (r; \x\) 1 B ( r^- ) dr BeB(R), 
Jr\{o} Jo V \ X \J 

where p is a Levy measure on R; and ai (r; s) is the one-sided arcsine density with parameter 
s > 0, that is, 

27T- 1 (s - r 2 V 1/2 < r < s 1 / 2 



a i l r i S J 

otherwise. 
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It is shown in [12] that the class A(R) is characterized by the stochastic integral representa- 
tion (HU) where \i G I(R) and h{t) = l[ ,i](t) cos (ft). 

Let /^ G A(R) with such a representation. In this case the random matrix models (fT3l) 
for the corresponding free A distributions A(/i/ l ) are 



K= / COB(-t)d* 



" ^ -~d 



'0 x ^ ' / d>l 

with Levy measures, see (TT5l) . 

i/ M d (B) = d u d (dV) / z^ (da;) / Is (xV cos ( -t) ) dt. 

Js+ d Jr Jo v V2 /y 

Example 10. The class of Type G distributions G sym (M.) is also characterized (see 
Example 6) by the stochastic integral representation (j!2p where \x G A (R) and /i(£) = 

l ( o,i/ 2 ) (t) (log i) V2 , see [12]. 

Let Hh G G S j /m (IR) has this alternative representation, that is 

ii h = cl J 12 Uog-\ dX { A peA(l). (18) 

The corresponding random matrix models f[T3~j) for the free Type G distributions A(/i^) are 

given by 

-1/2 / -, \ 1/2 
M«= / log- d% 



t 

/ d>l 

with Levy measures 

i/ M d (5) = d j u d (dV) ( v» (dx) I IbIxV Hog ~ J J dt. 

Example 11. The class of generalized Type G distributions G(R) introduced in [T3] is the 
class of infinitely divisible distributions on R whose Levy measures have polar decomposition 
(A, i/t) such that 

vz{dr) = g^(r 2 )dr, 

where g^(r) is measurable in £ G S 1 and completely monotone in r G (0, oo). Distributions of 
this class are not necessarily symmetric. If \x G G(R) is symmetric then /i G G sym (R), that 
is /i is of Type G. 

It is proved in [12] that the class of generalized type G distributions is characterized by 

1 /9 

the stochastic integral representation ( TT2|) where n G A (R) and /i(£) = l(o,i)(i) (log |) 
Let /i^ G G(R) has such a representation, that is 

/* = C ( / * flog ^ dX ( / l) J ^GA(l). (19) 
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This representation (fT9l) is not necessarily a symmetric generalization of ( TT8|) . 

In this case the corresponding random matrix models (TT3|) for the free generalized type 
G distributions A(/i^) are 



M a h = J ( log 1) d¥? 



d>l 
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